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We consider an ideal experiment in which unlimited nonprojective quantum measurements are sequentially
performed on a system that is initially entangled with a distant one. At each step of the sequence, the mea-
surements are randomly chosen between two. However, regardless of which measurement is chosen or which
outcome is obtained, the quantum state of the pair always remains entangled. We show that the classical simula-
tion of the reduced state of the distant system requires not only unlimited rounds of communication, but also that
the distant system has infinite memory. Otherwise, a thermodynamical argument predicts heating at a distance.
Our proposal can be used for experimentally ruling out nonlocal finite-memory classical models of quantum
theory.
I. INTRODUCTION
It has been shown recently that an experiment in which a
single quantum system is subjected to many sequential mea-
surements, each randomly chosen among n alternatives, can-
not be simulated with a classical system that has access only to
finite memory. Such a classical simulation has an additional
cost, namely, that after sufficiently many measurements the
system dissipates heat. Specifically, the amount of heat per
measurement tends to infinity and the divergence is linear in
n [1].
Such finite-memory classical simulations can be put in one-
to-one correspondence with interpretations of quantum the-
ory in which measurement outcomes are governed by intrin-
sic properties and, in addition, satisfy some assumptions [1].
Therefore, an experiment testing the presence or absence of
such heat would rule out some interpretations of quantum the-
ory. However, such an experiment is exposed to the practi-
cal problem of the implementation of the sequential measure-
ments themselves producing heat, making it difficult to distin-
guish the hypothetical heat emitted by the finite-memory clas-
sical systems. Therefore, an interesting problem is whether
a similar phenomenon can be demonstrated using sequential
measurement that are not performed on the same physical sys-
tem as from which the heat would originate. Such an exper-
iment would require at least two systems, one that is being
repeatedly measured and one in which the heat could appear.
In order for measurements on one system to influence the
quantum state of the other, the joint state of the two sys-
tems must have some entanglement. A complete projective
local measurement performed on an entangled state renders
the postmeasurement state separable. Thus, a second local
measurement can no longer change the quantum state of the
distant system. Therefore, the local measurements must nec-
essarily be nonprojective positive-operator-valued measures
(POVMs) in order to both induce a change in the local state of
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the distant system and retain this ability in a subsequent mea-
surement. Sequential nonprojective local measurements have
previously been shown useful in Bell experiments [2] and ran-
dom number generation [3]. Here we show that sequential
measurements can also be used to distinguish the predictions
of quantum theory from classical simulations with finite mem-
ory in experiments involving two distant entangled systems.
In Sec. II, we introduce a protocol in which entanglement is
preserved indefinitely for all measurement choices. Then, in
Sec. III, we compute the cost of classically simulating some
possible predictions of quantum theory for this experiment.
We show that, in addition to an always increasing (but finite)
amount of communication required for simulating entangle-
ment in standard Bell experiments [4, 5], a thermodynami-
cal analysis imposes an additional and qualitatively different
cost: infinite local memory. Otherwise, an experiment would
be able to detect the heat emitted by the system that is not
measured.
II. PROTOCOL
A. Scenario
We consider two parties, Alice and Bob, who at time t0
share two qubits in a maximally entangled state
|ψ0〉 = 1√
2
(|00〉+ |11〉) . (1)
At later times t1 < t2 < · · · < tN , Alice randomly chooses
between two measurements xk and x¯k and performs this mea-
surement on her qubit. Each measurement has two possible
outcomes denoted by 0 and 1. The two measurements be-
tween which Alice measures are not preestablished, but de-
pend on the previous measurements and outcomes. Bob does
not perform any operation over the course of the protocol.
However, at any time, the parties can stop the protocol and
perform measurements (including Bob) to test some predic-
tions of quantum theory.
Any of Alice’s measurement at time tk, denoted by
jk ∈ {xk, x¯k}, will be a two-outcome POVM which has,
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FIG. 1. (a) From left to right, Alice’s sequential measurements at times t1 < t2 < t3, respectively. At each tk, Alice performs a measurement,
either xk or x¯k. Each measurement has two possible outcomes: 0 and 1. Alice’s measurements are such that the state of the two qubits after
her measurement is always entangled. (b) From left to right, possible reduced states of Bob’s qubit after Alice’s measurements at t1 < t2 < t3,
respectively. States are represented by nonunit arrows in the equatorial plane of the Bloch sphere. For example, 1¯ denotes the state when Alice
measured x¯1 at t1 and obtained outcome 1; 1¯0 denotes the state when Alice measured x¯1 at t1 and x2 at t2 and obtained outcomes 1 and 0,
respectively. Bob’s states highlighted in purple are those produced in the particular sequence of Alice’s measurements and outcomes shown in
(a).
associated with outcome 0, the POVM element Ejkk =
Knˆjk (µk)Knˆjk (µk)
†, where Knˆjk (µk) is the Kraus operator
[6]
Knˆjk (µk)=cos (µk) |nˆjk〉〈nˆjk |+sin (µk) |−nˆjk〉〈−nˆjk |,
(2)
where nˆjk is a vector on the Bloch sphere that will be speci-
fied later. This POVM is a noisy version of the measurement
represented by a Pauli matrix along nˆjk . The amount of noise
is controlled by the value of µk ∈ [0, pi/2] and will be spec-
ified later. If µk ∈ {0, pi/2}, the measurement is projective.
If µk = pi/4, then Knˆjk = 1 /2, implying a noninteractive
measurement. Other values of µk correspond to weak mea-
surements.
In addition, we assume that the time evolution is trivial, that
is, that the state of Alice’s and Bob’s qubits just after Alice’s
measurement at tk is the state just before Alice’s measurement
at tk+1, and is determined by Alice’s sequence of measure-
ments and outcomes at {t1, . . . , tk}. The list of measurements
and outcomes of Alice from t1 to tk will be denoted by lk.
B. Choosing sequential measurements that always enable Bell
inequality violation
One of the features of the protocol that we are about to in-
troduce is that, at each tk, for each pair of measurements of
Alice, there exist two measurements that Bob could perform
(if the parties agreed to stop the protocol at this particular tk)
such that the outcome statistics of Alice and Bob would vio-
late the Clauser-Horne-Shimony-Holt (CHSH) inequality [7].
Recall that in a CHSH experiment, Alice and Bob perform
measurements Ai and Bj , respectively, with i, j ∈ {0, 1},
on shared pairs of systems. The measurement on each sys-
tem is chosen independently and randomly. Any local real-
istic model of the outcome statistics must satisfy the CHSH
inequality
SCHSH ≡ 〈A0B0〉+ 〈A0B1〉+ 〈A1B0〉 − 〈A1B1〉 ≤ 2, (3)
where 〈·〉 denotes expectation value.
The following lemma (which is a corollary of the main re-
sult of Ref. [8]) explains why it is possible to achieve the fea-
ture described above.
Lemma. Consider any pure entangled state |Ψη〉 =
cos (η) |00〉+ sin (η) |11〉, with η ∈ (0, pi/2). For every |Ψη〉,
Alice can find measurements associated with Kraus operators
(2) with nˆjk equal to (0, 0, 1) and (1, 0, 0), respectively (i.e.,
noisy measurements of σz and σx), for which she can choose
a noise parameter µ /∈ {0, pi/2} such that there exists two
projective measurements for Bob leading to outcome statis-
tics violating the CHSH inequality (3).
Proof. The Bloch vectors associated with the measurements
A0 and A1 of Alice are [0, 0, cos (2µ)] and [cos (2µ) , 0, 0],
respectively. These are unnormalized for µ /∈ {0, pi/2}.
Let us choose the Bloch vectors representing Bob’s measure-
ments B0 and B1 to be of the form [cos (θ) , 0, sin (θ)] and
[− cos (θ) , 0, sin (θ)], respectively, for some θ. These Bloch
vectors are normalized and hence correspond to projective
measurements. A direct computation of SCHSH in (3) gives
SCHSH = 2 cos (2µ) [sin (θ) + sin (2η) cos (θ)] . (4)
We choose θ so that SCHSH is maximal, i.e., we solve the
equation ∂SCHSH/∂θ = 0. The solution of our interest is
3θ = arctan [1/ sin (2η)], which is independent of µ. Inserting
this in Eq. (4) we find
SCHSH =
√
6− 2 cos (4η) cos (2µ) . (5)
The minimal value of the square root is 2 and is achieved
for product states. Therefore, for every entangled state cor-
responding to η /∈ {0, pi/2}, the square root is larger than 2.
Hence, if Alice chooses her noise parameter µ such that
0 < µ <
1
2
arccos
[
2√
6− 2 cos (4η)
]
≡ F (η), (6)
then the outcome statistics of Alice and Bob will violate the
CHSH inequality (3).
C. Protocol
Let us now describe the protocol itself.
(0) At time t0, Alice and Bob share the maximally entan-
gled state |ψ0〉 given in Eq. (1).
(1a) At t1 > t0, Alice chooses some nonzero µ1 <
F (pi/4) = pi/8. Then, she randomly chooses between x1 and
x¯1, each of them associated with a Bloch vector (0, 0, 1) and
(1, 0, 0), respectively. Alice’s choice is denoted by j1. Then,
Alice performs the measurement {Ej11 , 1−Ej11 }. The Lemma
enssures that, for the state before the measurement and Alice’s
two possible measurements, there are two possible measure-
ments on Bob’s system violating the CHSH inequality.
(1b) From her observed outcome, Alice calculates the post-
measurement state |ψl11 〉 of the two qubits. This state is nec-
essarily pure and entangled, and can be written in the form
|ψl11 〉 = U l1A ⊗ U l1B
[
cos
(
θl1
) |00〉+ sin (θl1) |11〉] , (7)
where θl1 /∈ {0, pi/2} and U l1A and U l1B are unitary operators.
Here θl1 does not refer to an actual operation but is a hypothet-
ical angle which would maximize Eq. (5). Then Alice applies
on her qubit the unitary
(
U l1A
)†
, which cancels the unitary
U l1A in Eq. (7). After Alice’s actions at t1, the reduced state of
Bob’s qubit is one of four possible states (see Fig. 1).
(2a) At t2, Alice again chooses some positive µ2 < F (θl1).
She makes a random choice of measurement j2 ∈ {x2, x¯2}
associated with Bloch vectors (0, 0, 1) and (1, 0, 0), respec-
tively, and performs the measurement {Ej22 , 1 −Ej22 }. Again,
the Lemma ensures that, for the state before the measurement
and Alice’s two possible measurements, there are two possible
measurements on Bob’s system violating the CHSH inequal-
ity.
(2b) From her observed outcome, Alice calculates the new
postmeasurement state |ψl22 〉 of the two qubits. Just as in (1b),
Alice rotates her reduced state back to the computational basis
by applying a suitable unitary. After Alice’s actions at t2, the
reduced state of Bob’s qubit is one of 16 possible states (see
Fig. 1).
Time µ Number of possiblestates of Bob’s qubit
Smallest
negativity
Largest
negativity
Smallest
value of SCHSH
Largest
value of SCHSH
t0 1 0.5 0.5
t1 pi/9 4 0.3214 0.3214 2.1667 2.1667
t2 pi/12 16 0.0966 0.4774 2.0590 2.0590
t3 pi/40 64 0.0077 0.4887 2.0119 2.7313
t4 pi/500 256 0.00005 0.4902 2.00008 2.7965
TABLE I. Data from the first four time steps in one possible exe-
cution of the quantum protocol: choices of the noise parameter for
Alice’s measurement at tk, the number of different local states of
Bob just after tk, the smallest and largest negativity of the 4k pos-
sible global states just after tk, and the smallest and largest values
of SCHSH achieved with the 4k−1 possible states. The choices of µ
carry no special significance other than that they satisfy the relation
0 < µk < F (θ
lk−1) for all k.
Alice continues this process of measuring, recording the
outcome, and choosing the next measurement indefinitely.
That is:
(ta) At tk, she chooses some positive µk < F
(
θlk−1
)
,
randomly chooses a measurement jk ∈ {xk, x¯k} associated
with Bloch vectors (0, 0, 1) and (1, 0, 0), respectively, and
performs the measurement {Ejkk , 1−Ejkk }. The Lemma guar-
antees that, for the state before the measurement and Alice’s
two possible measurements, there are two possible measure-
ments on Bob’s system violating the CHSH inequality.
(tb) From her observed outcome, Alice calculates the post-
measurement state |ψlkk 〉 which takes the form
|ψlkk 〉 = U lkA ⊗ U lkB
[
cos
(
θlk
) |00〉+ sin (θlk) |11〉] , (8)
for some angle θlk /∈ {0, pi/2}. Subsequently, she undoes the
rotation of her local state by applying
(
U lkA
)†
. This renders
the reduced state of Bob’s qubit in one of 4k possible states
(see Fig. 1).
D. Properties of the protocol
At each time tk, Alice’s alternative measurements are both
nonprojective and depend on Alice’s previous choices of mea-
surements and also on the outcomes of the previous measure-
ments. This way, the initial entanglement is never consumed
regardless of Alice’s performed measurements and observed
outcomes and Alice’s two measurement options enable a vio-
lation of the CHSH inequality.
To illustrate the properties of the protocol, in Table I we
display data from the first few steps of one possible execution
of the protocol. There we can see that at each time step, the
measurement of Alice becomes stronger without ever becom-
ing projective. Furthermore, the entanglement, quantified by
the negativity [9], remains nonzero. From t2 onward, not all
of the 4k possible states just after tk contain the same amount
of entanglement, and therefore we must consider the weakest
possible entanglement. As displayed in Table I, the negativ-
ity of the weakest entangled state quickly decreases. How-
4ever, some entanglement is always present. When choosing
her noise parameter µk, Alice ensures that even the weakest
entangled state violates the CHSH inequality (3). That this is
indeed the case can be seen from the corresponding smallest
values of SCHSH in Table I. In contrast, from the largest possi-
ble negativity we see that the protocol sometimes, albeit with
small probability, acts as a probabilistic entanglement ampli-
fication scheme [10, 11].
III. CLASSICAL SIMULATION OF BOB’S LOCAL STATE
A. Cost 1: Unlimited rounds of communication
We now consider the cost of classically simulating the evo-
lution of the quantum reduced state of Bob’s system induced
by Alice’s sequential measurements on her distant system. A
classical simulation of Bob’s local state must be able to, at
any time tk, account for the statistical outcomes of every pos-
sible quantum measurement that Bob may apply. We will not
consider this problem in its full generality, as it is not the em-
phasis of our work. For our purposes, it suffices to show that
after each of Alice’s sequential measurements, the classical
simulation needs to be supplemented with some amount of
communication.
Since the postmeasurement state just after tk and the two
measurement options Alice has at time tk+1 could always be
used, in conjunction with suitable measurements of Bob, to
violate the CHSH inequality, any local realist model aiming
to simulate these quantum predictions has to be supplemented
with some communication [4, 5]. Therefore, there must be a
round of communication between Alice and Bob after every
measurement performed by Alice. In this round, depending on
her measurement and the resulting local realistic state of her
system, Alice communicates some information to Bob. Com-
munication from Bob to Alice is of no use since Bob does
not perform any operations on his qubit over the course of the
protocol.
The critical observation is that the communication required
to simulate the quantum predictions just after tk will not be
enough to reproduce the quantum predictions after tk+1. The
reason is that, at tk+1, the new quantum predictions could
again be use to violate the CHSH inequality. Thus, regardless
of Alice’s measurement choice and observed outcome, any
simulation of the predictions of quantum theory for the ex-
periment based on a local realistic model complemented with
communication requires unlimited rounds of communication.
Note that the total amount of communication required to
simulate the ability of the state to violate the CHSH inequal-
ity at each time step, is finite. To show this, we use that
the average amount of communication C required to simu-
late a nonsignaling probability distribution achieving the value
SCHSH is given by C = SCHSH/2 − 1 [5]. Let us denote the
average communication over all possible postmeasurement
states at time tk by Ck. The total amount of communication
is finite if C¯ ≡∑∞k=1 Ck is finite. To show that C¯ is finite, we
consider the states |ψη〉 which are unitarily equivalent to the
states shared by Alice and Bob. Applying the Horodecki crite-
rion [12] to |ψη〉, we find the maximal value of SCHSH at time
tk. It is a straightforward calculation to show that this quan-
tity is an upper bound on the sum of the CHSH value (5) of
|ψη〉, as obtained when applying a noisy measurement in our
protocol at time tk, and the average maximal CHSH value, ob-
tained from applying the Horodecki criterion to the four possi-
ble postmeasurement states at tk+1 weighted by the respective
probability of obtaining each state. This argument can be re-
peated throughout the protocol and consequently C¯ < √2−1,
which is the communication cost of simulating a maximal vi-
olation of the CHSH inequality achieved with |ψ0〉.
B. Cost 2: Unbounded local memory
At each time step in the protocol, Alice chooses with uni-
form probability between two measurement options. After
each measurement of Alice, the number of possible reduced
states of Bob’s qubit quadruples. Any classical simulation
must account for this exponentially increasing number of pos-
sible states. Since each of Alice’s measurement choices is ran-
dom, any classical simulation requires having at least the same
number of local realist states as the number of pure quantum
states achieved during the experiment. The proof is as follows.
A stochastic process is a one-dimensional chain of discrete
random variables that attains values in a finite or countably in-
finite alphabet. An input-output process [13] is a collection of
stochastic processes in which each such process corresponds
to all possible output sequences given a particular infinite in-
put sequence. The experiment is an example of an input-
output process. It has input alphabet {xk, x¯k} and output al-
phabet {0, 1}. As shown in Ref. [13], for any input-output
process there is a unique finite-state machine, i.e., an abstract
machine that can be in exactly one of a finite number of states
at any given time, with the following property: It has mini-
mal entropy over the state probability distribution and maxi-
mal mutual information with the future output of the process
given the past choices of inputs and past observed outputs,
and the future input of the process. This machine is called the
ε transducer [13] of the input-output process. It consists of
the input and output alphabets, a set of causal states, and the
set of conditional transition probabilities between the causal
states. Each causal state is associated with the set of input-
output pasts producing the same probabilities for all possible
input-output futures. Thus, the causal states constitute equiv-
alence classes for the set of input-output pasts. A causal state
stores all the information about the past needed to predict the
future output, but as little as possible of the remaining infor-
mation overhead contained in the past. The Shannon entropy
over the stationary distribution of the causal states represents
the minimum internal entropy needed to be stored to optimally
compute future outputs. It depends on how Alice’s measure-
ments are chosen; here we have assumed that they are selected
from a uniform probability distribution with entropy one bit at
each time step.
The number of causal states of the ε transducer correspond-
ing to our experiment is infinite. This implies that the clas-
sical system that simulates the experiment has to store new
5information in its memory. This leads to two possibilities:
Either the memory is infinite and additional information can
always be stored without needing to erase previous informa-
tion, or the memory is finite and the system has to erase a
part of it to allocate new information. However, due to Lan-
dauer’s principle [14], the erasure of information has a ther-
modynamical cost. Landauer’s principle states that the erasure
of information in an information-carrying degree of freedom
is accompanied by an associated increase of entropy in some
non-information.carrying degree of freedom. There is strong
evidence supporting the validity of Landauer’s principle in
both the classical and quantum domains [15–21]. Since we
are assuming a local realistic model supplemented by commu-
nication, the memory should be allocated in the local systems.
Since Bob’s quantum state and its classical counterpart (repre-
sented by a causal state of the ε transducer) are changing after
each of Alice’s measurements, this implies that there should
be some information erasure in the local memory associated
with Bob’s system. Therefore, after sufficiently many mea-
surements of Alice, Bob’s system begins to emit heat. Such
heating at a distance is a form of signaling.
IV. CONCLUSIONS
We have introduced a protocol in which sequential nonpro-
jective measurements are performed on one of two entangled
systems while no measurements are performed on the other
distant system. Regardless of which local measurements are
chosen and which outcomes are obtained, both entanglement
and the possibility of violating a Bell inequality never van-
ish. We showed that, to simulate the predictions of quantum
theory for the local state of the distant system, it is not suffi-
cient to supplement finite-memory classical models with un-
limited rounds of communication. In addition, the distant sys-
tem must have infinite memory. Whenever the distant system
fails to have infinite memory, a thermodynamical argument
implies that it will be heated at a distance after sufficiently
many local measurements on its companion.
Our protocol shows that (i) there is a way for experimen-
tally ruling out nonlocal finite-memory classical models with-
out measuring the system that will, hypothetically, emit heat
and (ii) there are problems whose solution would require clas-
sical systems with infinite memory and communication but
which can be solved combining sequential quantum measure-
ments and entanglement.
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